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Only a few contemporary calculus textbooks provide even a cursory presentation of
tabular integration by parts [see for example, G. B. Thomas and R. L. Fadeyjus

and Analytic Geometryddison-Wesley, Reading, MA 1988]. This is unfortunate

because tabular integration by parts is not only a valuable tool for finding integrals but
can also be applied to more advanced topics including the derivations of some important
theorems in analysis.

The technique of tabular integration allows one to perform successive integrations by
parts on integrals of the form

f F()G(t) dit @)

without becoming bogged down in tedious algebraic details [V. N. Murty, Integration by
parts, Two-Year College Mathematics Jourrdl (1980) 90-94]. There are several ways

to illustrate this method, one of which is diagrammed in Table 1. (We assume
throughout thaF andG are “smooth” enough to allow repeated differentation and
integration, respectively.)

Table 1

Column #1 Column #2

+F G
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+ F@ \ G(-2
—F® \ G-3
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(— 1)”+1F(”+1)____\> G(-n-1

In column #1 listF(t) and its successive derivatives. To each of the entries in this
column, alternately adjoin plus and minus signs. In column #&(i$t and its
successive antiderivatives. (The notat@&m") denotestthantiderivative ofs. Do

not include an additive constant of integration when finding each antiderivative.) Form
successive terms by multiplying each entry in column #1 by the entry in column #2 that
lies justbelowit. The integral (1) is equal to the sum of these termB(xf is a



polynomial,then thee will be ony a finite number of tems to sum. Otherwise the
process my be tuncaed d ary level by forming a emainder tan defned as the
integral of the poduct of the enyrin column #1 and the egtin column #2 thalies
directly acrossfrom it. Symbolicaly,

f FOG(H) dt = FGCD — FUG-2 + FOGE — | |
+ (_1)nF(n)G(fnfl) + (_1)n+1f F(n+1)(t)G(fn71)(t) dt

n
= D (~DFFRGHD + (— 1)t [ FOe DG (0) 2)
k=0
A proof follows from contirued goplicaion of the brmula for integration by pats
[K. W. Folley, Integration by pats, Ameiican Mahemadical Monthly 54 (1947)
542-543].

The tedinique of taular integration by pats males an ppeaance in the hit motion
picture Stand and Deller in which mahemdics instuctor &aime Escalante ofdnesA.
Gariield High Sdool in LosAngeles (potrayed by actor Edvard ames Olmos) wks
the following example

Example X2 sin x dx

column #1 column #2

+ x2

sinx
—ZX\ — COSX
+2 \> —sinx
0 \ COSX

Answer: —x2cosx + 2xsinx + 2cosx + C

The following are some aas vhere this elgant tebinique of intgration can be pplied

Miscellaneous Indeinite Integrals. Most calculus tetbooks would tred integrals of
the form

P(t)
f (at + b) .

whetr P(t) is a poynomial, by time-consuming akgpraic substitutions or tedious piait
fraction decompositions. Maver, tabular integration by paits works paticulady well
on sut integrals (especiagyl if r is not a positie integer).



Example

f12t2 + 36
I3t + 2
column #1 column #2
+ 12t2 + 36 (3t + 2)~/5
— 24t \ —(3t + 2)4/5
9/5
\ @2
125 14/5
13608t T 2
Answer: (5t2 + 15)(3t + 2)*/5> — %(St + 2)%95 + é§5(3t + 2)14/5 + C
Laplace Transforms. Computdions involving the Lalace tansbrm
LIf(D)} = f e Sf(t) dt 3)

often require seeral integrations ty paits because of th@ifm of the intgrand in (3).
Tabular integgration by paits steamlines these ingeations and also mals poofs of
opewtional propeties moe elgant and accesdi (Mary introductoy differential
equdions textbooks omit brmal proofs of these mpeties because of the lengthetail
involved in their dawations.) The following example uses this thoique to estalish the
fundamental drmula for the Laplace tansbrm of thenth deivative of a function.

Theorem. Let n be a posite intager and suppose thd(t) is a function suc tha
f(V(t) is piecavise contimious on the inteal t > 0. Furthemore suppose thahere
exist constant#\, b, and M sub tha

[fR()] < Atift = M
forallk=0,1,2,...,n— 1. Thenifs > b,

L{FO ()} = —f-D(Q) — f-2(0) — - - - — S%(0) + s'L{f(1)}. 4)



Proof.
column #1 column #2

f(n)(t)

+ e
Cwe e
+ e f0=2)(t)

(_ 1)n— 1(_ ]:)n— lgh—lg—st \ f(l.)(t)
(=D(=1)"she - f(t)

------------------- P

L{f (n) (t)} = [estf(nl)(t) + Sefstf(an)(t) 4+ . . .+ Snlestf(t)]::o
+ fowsne—ﬂf (1) dt
= —f-D(Q) — F-D(Q) — - - - — s 3(0) + SL{F()}.

Taylor's Formula. Tabular integration by patts piovides a staightforward proof of
Taylor’'s formula with intggral remainder tem.

Theorem. Suppos€(t) hasn + 1 contiruous deivatives thoughout an interal
containing a. If x is amnumber in the interal then

f(x) = f(a) + fY@)(x — a) + f(zz)ﬁ(x —a2+ - - -+ f(nr)lﬁ(x —a)n
N faXf(n;!l)(t)(X B t)n dt. (5)



Proof.

column #1 column #2
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Equadion (5) follows immedigely.

ResidueTheorem for Meromorphic Functions. Tabular integration by paits also
applied to comple line intggrals and can us used tcope the bllowing form of the
residue the@am.

Theorem. Supposef(2) is anayticin ¥ = {z 0 < |z — 7| < R} and has a pole of
order maz, Thenif0 <r < R

2
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Proof.

column #1 column #2
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(m—=1D! z-z|=r z -z,

where the summi#on tem in (7) nust be galuaed for the dosed cicle |z — z,| = r.
However, eat of the functions in column #1 hasenmosable singulaity at z, and is
therefore single-alued in%. Furthemore, eat of the functions in column #2 is also
single-valued in%. Thus,the summaon tem in (7) nust vanish.The intgral tem on
the night side of (7) isealuaed ly the Cauby integral formula and theesult (6)
follows directly. (The tight-hand side of (6) can beagynized as thedrmula for the
residue off(z) at the polez,) See [RueV. Chuchill and AmesW. Brown, Comple
Variables andApplications, McGraw-Hill, New York, 1984].
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