CPSC 510 Algorithms
Winter 2012

Homework 2 Solution 

1. Algorithm:

TREASURE_HUNT(start, end)
1 	Let guess = start – end / 2 
2 	Let dlow = MAKE_GUESS(guess – 1, 0)
3	If dlow = 0 return (guess – 1, 0)
4	Let dmid = MAKE_GUESS(guess, 0)
5	If dmid = 0 return (guess – 1, 0)
6	Let dhigh = MAKE_GUESS(guess + 1, 0)
7	If dhigh = 0 return (guess – 1, 0)
8	If dlow < dmid return MAKE_GUESS(start, guess – 2)
9	If dhigh < dmid return MAKE_GUESS(guess + 2, end)
10	return (guess, dmid)

· This algorithm is invoked with TREASURE_HUNT(0, n).
· This algorithm assumes it is acceptable to make guesses that are out-of-bounds such as (-1, 0).  It is possible to rewrite the algorithm, without affecting the asympotitic worst case running time, to avoid these obviously incorrect guesses.

Run-time analysis:

This is a divide and conquer algorithm that divides the problem in half.  The dividing part (steps 1-7) is Θ(1) and there is no combining – once the treasure is found, the coordinates are returned..


Using the master method:
a = 1, b = 2, f(n) = 1

Case 2: 

2. a. Algorithm:

SCHEDULE_JOBS(J):
1 sort J in decreasing order by  
2 return J



Run-time analysis:

The run-time is determined by the sort in line 1 which takes O(n lg n) time.  

b. Proof:

Let G is a schedule returned by the greedy algorithm.

Let O be an optimal solution that produces a different order than the greedy algorithm.  

This means that the optimal solution must contain at least two jobs i and j such that job j is scheduled immediately after job i but wj / tj ≥ wi / ti.  Assume the completion time of the job before i and j is C.  The contribution of i and j to the total sum is wi(C + ti) + wj(C + ti + tj).

A modified schedule O′ is formed by swapping jobs i and j in the order. The contribution of i and j to the total sum is now wj(C + tj) + wi(C + ti + tj).  The difference between this value and the contributions before the sum is witj – wjti.Since wj / tj ≥ wi / ti , the difference is at most zero.  Since the other jobs remain in the same ordering, the overall weighted sum does not increase with this swap. This proves that O′ is optimal.

By swapping all inversions like this, you arrive at the same solution as the greedy algorithm.  This proves the greedy algorithm is optimal.

3. a. Algorithm:

CREATE_COMMITTEE(S)
1 	Sort S by ending time in increasing order.
2 	Let A be an empty set (ultimately contains the final answer)
3	Let C be an empty set (contains the set of shifts that are covered)  
4	for each shift s in S
5		if s  C:
6			let set O be the set of shifts that overlap with s that are not in C
7			let x be the shift in O that has the latest end time
8			add x to A
9			add all shifts that intersect with x to C
10	return A
	
Run-time analysis:

Lines 2, 3, 5, 8, and 10 take constant time = O(1).

The sort at line 1 takes O(n lg n) time.  

The loop at line 4 has n iterations in the worst-case.  Inside the loop, lines 6, 7, and 9 all require traversing the list of shifts taking O(n) time in the worst-case.  This means that loop takes O(n2) time.

Since the running-time of the loop at line 4 grows at a faster rate than the statements outside the loop, the running time of the algorithm is O(n2).   

b. Proof:

Let G be the set of shifts returned by the greedy algorithm.  It has k shifts sorted by their finishing time: g1, g2, … , gk 

Let O be an optimal set of shifts.  It has m shifts sorted by their finishing time: o1, o2, …, om.

Neither G nor O can have a shift that is completely nested within another.  This implies that the shifts in G and O are also sorted by their starting time.

Let xt be the earliest finishing unmarked shift in iteration t of the greedy aglorithm causing us to select shift gt.  We hypothesize that shifts o1, … , ot-1 does not intersect xt.  Prove by induction:

Base case: Let t = 1.  

There is no shift o0 so this case is trivially true.

Inductive case: Assume that the hypothesis is true up to xt and prove that the hypothesis is true for xt+1.

From the inductive hypothesis, xt does not intersect shifts o1, … , ot-1.  Thus the earliest shift in O that intersects xt is some shift ou where u ≥ t.  From the greedy algorithm, the shift gt does not intersect xt+1.  Furthermore, since gt is selected to be the shift that ends the latest but still intersects xt.  It follows that gt ends later or at the same time as ou. This implies that ou also cannot interesect with xt+1.  Since u ≥ t and none of the shifts o1, … , ot-1 intersect with shift xt+1, the inductive hypothesis is proven.

Since shifts o1, …, ot-1 do intersect xt for all t, it follows that G cannot have more shifts than O or otherwise there would be a shift that is not covered by O.  This proves that G is optimal.    
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