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Abstract

The modulational instability of perturbed plane-wave solutions of the vector
nonlinear Schredinger equation is examined in the presere of multiple forms of
dissipation. We establish that all constant-magnitude solitions of the dissipa-
tive VNLS equation are less unstable than their counterpars in the conserva-
tive VNLS equation. We also present three families of decresing-in-magnitude
plane-wave solutions to this dissipative VNLS equation. Weestablish that if
certain forms of dissipation are present, then all exponernally-decaying plane-
wave solutions with spatial dependence are linearly unstale while those without
spatial dependence are linearly stable.

1. Introduction

Benjamin & Feir [1] showed that a uniform train of plane wavesof moderate
amplitude in deep water without dissipation is unstable with respect to a small
perturbation of other waves traveling in the same direction with nearly the
same frequency. Since that classic paper, a signi cant amou of research has
been dedicated to studying the stability of plane waves on dep water. In 1968,
Zakharov [28] derived the (scalar) nonlinear Schredinger(NLS) equation

it xx T yyj j2 =0; 1)

where = (x;y;t) is a complex-valued function, as an approximate model
of the evolution of plane waves of moderate amplitude in deepvater without

dissipation. Plane-wave solutions of the NLS equation are nstable [28, 9, 21].
Dysthe [12], Trulsen & Dysthe [25], and Trulsenet al. [26] derived higher-order
asymptotic generalizations of the NLS equation and found tlat the plane-wave
solutions of these equations are also unstable. Dhar & Das @] showed that
plane-wave solutions of a coupled system of higher-order geralizations of the
NLS equation are also unstable. Onoratcet al. [20] and Shuklaet al. [24] showed
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that the plane-wave solutions of the vector nonlinear Schodinger (VNLS) equa-
tion are unstable.

Lake & Yuen [17] and Lakeet al. [18] conducted thorough examinations of
physical experiments of one-dimensional surface patterngn which instability
growth rates were measured and compared with rates predicte by theoretical
models. More recently, physical experiments of two-dimenisnal surface patterns
were conducted by Kimmoun et al. [16], Hammacket al. [13], and Henderson
et al. [14]. Surprisingly, many of the wave patterns in these two-dmensional
experiments appeared to be stable. A photograph of an apparely-stable two-
dimensional surface wave pattern is included in Figure 1.

All of the theories mentioned above predict that plane-wavesolutions are
unstable while some of the experiments suggest that plane was are stable. This
apparent discrepancy can be explained by the fact that all othe aforementioned
models are conservative and none include e ects due to digsation.

There are many generalizations of the NLS equation that corain dissipative
terms including those in [19, 2, 22, 27]. Seguet al. [23] studied a dissipative
generalization of the NLS equation and showed that all planewvave solutions
are stable if a certain form of dissipation is present. Furtter, they showed that
the dissipative theory agreed well with measurements from aeries of physical
experiments. Craiget al. [7] and Henderson & Segur [15] generalized the Seget
al. [23] results to the vector dissipative NLS equation (i.e. a jair of nonlinearly
coupled dissipative NLS equations). The photograph inclugd in Figure 1 is
from an experiment modeled by a dissipative generalizatiorof the vector NLS
equation [15].

In Section 1.1, we introduce a generalization of the vector NS equation that
contains multiple forms of dissipation as a model of two-dinensional surface
wave patterns on deep water. This model is more general thanhe model
contained in [7, 15]. In Section 1.2, we present four familie of plane-wave
solutions to this equation, three of which decrease in magmide.

In Section 2, we present the linear stability analysis for three of these families
of solutions. We establish that all constant-magnitude soltions are \less un-
stable" than their counterparts in the conservative system This means that all
plane-wave solutions that are stable in the conservative sstem are also stable in
the dissipative system. It also means that solutions that ae unstable in the con-
servative system have smaller (or possibly zero) growth ras if certain forms of
dissipation are present. Finally, we establish that if certain forms of dissipation
are present, then all spatially-independent exponentialy-decaying plane-wave
solutions are stable and all spatially-dependent exponernally-decaying plane-
wave solutions are unstable.

1.1. The vector dissipative NLS equation

In order to model the evolution of a uniform wave train of surface waves
with a two-dimensional, bi-periodic surface pattern, propagating on deep water,
Hammack et al. [13] derived the two-dimensional vector nonlinear Schmdhger



Figure 1: A photograph of an apparently stable two-dimensio nal wave pattern [15].

(VNLS) equation
i(Ar+ 1A+ 1Ay)+ 1A + 1Ay + 1Ay + 1jAj2A+ 1ij2A =0; (2a)

i(Bt+ ZBx+ ZBy)+ ZBxx+ ZByy+ ZBxy+ ZjAsz+ szszZO; (Zb)

where A = A(x;y;t) and B = B(x;y;t) are complex-valued functions and
iv j» j» j» jand j (j =1;2)arereal constants. Throughout the remainder
of this paper, wheneverj is used it is assumed to range from 1 to 2.
In this paper we examine the following generalization of theVNLS equation
which we refer to as the two-dimensional vector dissipativenonlinear Schredinger
(VDNLS) equation

i(At"' 1Ax + 1Ay)+( 1 ial)Axx"'( 1 ibl)Ayy"' 1Axy

o, o (3a)
+( 1+ ic)JAJ°A+( 1+ 1d1)]Bj°A + if 1A = 0;

i(Bt"' 2Bx + ZBy)"'( 2 iaZ)Bxx"'( 2 in)Byy"' ZBxy

o, o (3b)
+( 2+ iC2)JAJ"B +( 2 +id2)jBj°B + if 2B =0:

Here A = A(x;y;t) and B = B(x;y;t) are complex-valued functions; j, j,
i» i» i» jand ; arereal constants; anda;, by, ¢, d;, and f; are nonnegative
real constants that represent e ects due to dissipation. Weconsider both the
VNLS and VDNLS equations with periodic boundary conditions in both spatial
dimensions. We also assume thaA and B have the same spatial periods.
The ad-hoc addition of the dissipative terms has been justi ed in the salar
(B = 0) case. We assume that similar arguments apply in the vecto case.
Davey [8] gives a general argument for dissipative terms offte forms given in
equation (3) when the NLS equation is used as a model of weaklgonlinear
surface waves. Miles [19], Lakeet al. [18], and Diaset al. [11] generalize the
NLS equation to include dissipation in a physical system by ading terms of the



form if 1A. Blennerhassett [2] derives an equation similar to the scalr version
of equation (3) from the Navier-Stokes' equations for a freesurface ow with
viscous free surface boundary conditions. Seguat al. [23] add a term similar to
if 1A in order to account for the e ects of weak dissipation. Bridges & Dias [3]
and Carter & Contreras [4] examine the scalar version of equ#on (3) and show
that the modulational instability is enhanced if certain fo rms of dissipation are
present. Our current work is the vector generalization of these results.

1.2. Properties and solutions
The VNLS equation preserves (int) the Lger norm,
Z Ly Z |_><
i itz = o jAj? + jBj? dxdy; @

per

where Ly and Ly are the periods ofA and B in the x- and y-dimensions re-
spectively. In general, the VDNLS equation does not preser the Lger norm.
Speci cally, the Lf,er norm is nonincreasing int and

d z LZ Ly
g Uit = 2 . ajAx]? + bijAyJ? + ClAJ* + dijAB 2 + f1]A]

+ a2jBxj? + bpjByj” + jBj* + d2jABj? + f5)Bj? dxdy:
()

It is important to notice that equation (5) demonstrates tha t solutions with
spatial dependence decay to zero faster than spatially-inependent solutions
whenever certain forms of dissipation are present (i.ea; ; iy > 0).

The VNLS equation admits plane-wave solutions of the form

A(X;y;t):Aoeiklx+iI1y+it( 1k 1l gkale k2 112+ A2+ 153); (6a)

B(x;y;t) = BogkaX+ilay+it( 2ke 2l2 okalo 2ki  2l3+ 2B+ 2A(). (6b)

where Ag, Bo, kj and|; are real constants.
We consider plane-wave solutions of the VDNLS equation of tb form

A(X,y,t) = Aoelk X+l 1y+! r1(t)+ il il(t); (7a)

B(X,y,t) — Boeikzx+i| 2y+ o (t)+ ! iz(t); (7b)

whereAg, Bo, kj and|; are real constants and! ,; (t) and !  (t) are real-valued
functions. Solutions of the form given in equation (6) or in equation (7) are said
to be spatially independent ifk; = I; = 0.

Substituting equation (7) into equation (3) and separating into real and
imaginary parts gives

! ?14‘ C]_A(Z)GZ! o+ dlBSeZ! 2+ Gy =0; (8&)
1% 1A%t Bie? 2+ Hy=0; (8b)



! ?24‘ ngSeZ! "2+ CQACZ)e'Z! T+ Gy =0; (8¢c)
1% ASe” 1t 5BGE P+ Hy=0; (8d)

where prime represents derivative with respect tot. Here we have introduced
the following constants

0 Gj:ajka+QIj2+f,-; (9a)

Hi= jk+ jli+ gkE+ I+ gkl (9b)

To our knowledge, an exact solution of the system given in ecation (8) is not
known. However, it does admit the following four families of solutions that
are valid in restricted parameter regimes. In each of the fdbwing regimes, the
constants of integration were chosen so that the plane-waveolutions of the
VDNLS equation limit to the plane-wave solutions of the VNLS equation asa;,
b, g, d andf; (the coe cients representing dissipation) limit to zero.

Case 1: ¢ =d =0and G; =0
In this case, the solution of the system given in equation (8)is
Ly (1)=0; (10a)
Ly ()= tH; A3 BS: (10b)

The magnitude of any solution of this form is constant int. The family
of plane-wave solutions to VNLS given in equation (6) is a subet of the
solutions in this case.

Case 2: C=0>0,d=d>0andG; =0
In this case, the solution of the system given in equation (8)is
i - } 2 2y .
Ly (1) = 3 In 1+2t(ciA§+ diBg) ; (11a)
A2 R2
=ty 80 180, ). (11b)

C]_A(z) + dlBg. g

The magnitude of any solution of this form decays to zero ag 2.

Case 3: ¢=d=0and G; >0
In this case, the solution of the system given in equation (8)is
! Ti (t) = th ; (12a)
_AZ . BZ
Li()= tHj + 2=9 1 2Git 4 120 9 2Gat . 12b
i AT 26, = °© (120)

The magnitude of any solution of this form decays to zero expoentially.



Case 4: C=0>0,d=0d1>0,Gj >0andBg = Ag
In this case, the solution of the system given in equation (8)is

1 C]_ACZ)

2
Ly ()= G 3in 1+ iAo

(1 e %)+ G, e 4G2) 1 (13a)
2

1
z

AZG G 2tG 1 4 2tG 2
Ly ()= tH; + 0G1Ga( 28 1° ) dt:

GGy + A(z) lel(l e 2tG2)+ C]_Gz(l e 2tGl) '

(13b)
The lack of a closed-form expression for j (t) is not too troubling because
the integral is bounded for allt 0 and only contributes to the phase of
the solution. The magnitude of any solution of this form decgs to zero
exponentially.

2. Stability analysis

In this section we examine the linear stability of the Case 13 and 4 solutions.

2.1. Case 1:¢g = dy =0 and G; =0

In order to study the linear stability of VDNLS solutions of t he form given in
equation (7) with ! , (t) and ! ;(t) given in equation (10), we consider perturbed
solutions of the form

Ap= Ao+ Ui(xyit)+ivi(xyt)+ O(?) e "Hr 2As 189, (14q)

Bp= Bo+ Ux(Xyit)+ iva(xy;t)+ O(2) e tHz 2A5 283 (14p)

where is a small real parameter andu; (x;y;t) and v;j (x;y;t) are real-valued
functions.

Substituting equation (14) into equation (3), linearizing and separating into
real and imaginary parts leads to a set of four coupled, consint-coe cient,
linear, homogeneous partial di erential equations (PDEs). Without loss of gen-
erality, assume o

uj(x;y;t) = U e vty cier (15a)

Vi (Gy;t) = ettty e (15b)

whereVU;, V; and are complex constants, p and g are real constants, andc:c:
denotes complex conjugate. If has a positive real part, then the perturbations
u; and v; grow exponentially in t and the unperturbed solution is said to be
linearly unstable. Otherwise, the unperturbed solution is said to be linearly
stable. After substituting equation (15) into the PDEs, the system simpli es to
the following linear system of algebraic equations

0 10 1 01
M,+2 1A(2) N4 2 1A0Bo 0 U 0
% + Nl Ml 0 0 § V1§ — %}8§ . (16)
2 2AgBg 0 M, +2 ng N, U, ’
0 0 + N> M, \3 0



where
Mj=  jp° & jpg; (17a)
Ny =ap’+Ba+i@2 jkp+2 jlig+ ja+ jlip+ jkig+ 1p): (17b)
In order for this system to have a nonzero (i.e. in order for the perturbation
to have nonzero amplitude), must be chosen so that the deteminant of the

coe cient matrix is zero. This requirement leads to four long, complicated
expressions for . These expressions establish:

If all dissipative constants are equal to zero, then the Casé solutions are
either stable or unstable depending on relationships betwen the coe -
cients in the VDNLS equation. This is simply a restatement of some of
the results in [7].

If g = b =0and f; > 0, then all Case 1 solutions are stable. This is
consistent with the results in [7, 4].

If at least one of the a; or Iy is nonzero, then the solutions are either
stable or unstable depending on relationships between theoe cients in
the VDNLS equation, p, g, and the &, by . In all cases, the growth rate of
the instability is less than or equal to the growth rate obtained from the
conservative theory.

22. Cases3and4c;=¢c 0,di=d 0,G;>0andBg= Ag

In this section, we consider the stability of the Case 3 and 4 alutions si-
multaneously. In order to study the stability of these solutions, we consider
perturbed solutions of the form

Ap= Ao+ ui(xy;t)+iva(xy;t)+ O( 2) ghuxrilay+ta(r it (183)

Bp= Bo+ Ua(Xy;t)+ iva(xy;t)+ O(2) dkax+ilayrtra(ritiz(d,  (1gp)

where! ;; (t) and ! j (t) de ned in equation (12) or (13). Note that the decay
due to ! ; (t) has been factored out. In essence, this allows the evolutipof
the perturbations u; and v; to be directly compared to the constants Ay and
Bo. If any of the u; or v; grow without bound in t, we say that the solution
is linearly unstable (even though the magnitude of both commnents of the
perturbed solution, jA,j and jB,j, may decay to zero due to the e ect of & ).
Otherwise, we say that the corresponding solution is linedy stable.

Substituting equation (18) into equation (3), linearizing and separating into
real and imaginary parts leads to a set of four coupled linear homogeneous
PDEs that have constant coe cients in x and y. Without loss of generality,
assume o

up (y;t) = U ()eP 'Y + cic; (19a)

Vi (X y;t) = Vi (1)eP T + e (19b)



where U; (t) and V (t) are complex-valued functions andp and g are real con-
stants. After substituting equation (19) into the PDEs, the system simpli es

to 0 1, 0 1 0 1
U, U, U;
V1§ _ %V1§ %Vlﬁ.
U A = A U, + B(t) U,A (20)
Vs Vs \2
where the constant matrix A and B (t) are de ned by
0 1
N1 P1 0 0
_B P N O 0.
A= % 0 0 N, P’ (21a)
0 0 P, N2
0 1
cleZtG 2.0 dleZtG 10
_ 16462 0 7% 8§ .
B(t)=f(t) % 262 0 dye?C: ; (21b)
geZ‘G 2 0 zeztG 1 0
where
P = Mj +2i(akip+ bljq); (22)
and

ZACZ)G]_GZG 2t(G1+ G2)
GGy + A(Z) Cle(l e 2t61)+ lel(l e ZtGZ) |

To our knowledge, an exact solution of the system given in ecation (20) is not
known. However, the larget solution of this system behaves as théB(t) = 0
case becaus@ (t) is absolutely integrable ont 2 [0;1 ) [5, 6]. Therefore, the
stability of the Case 3 and 4 solutions is determined by the ajenvalues ofA .
It is important to note that U; and V;, may grow a nite amount during the
transient time period.

The eigenvalues ofA are

f(t) = (23)

i = Nj in . (24)
Expressed in terms of the original parameters the eigenvaks are given by
i+ = apk+p) Bl +0q

i(jp°+ P+ jp+ jq+ jpa+ jkig+ jlip+2 jkp+2 jljo);
(25a)

i =gpk p+bg2; 09

i( jp° o+ jp+ jd  jpa+ jkig+ jlip+2 jkip+2 jliq):
(25b)
If the underlying VDNLS solution is spatially independent (k; = |; = 0), then

all eigenvalues have nonpositive real parts. This establises that all spatially-
independent Case 3 and 4 solutions are linearly stable.



If & = b =0 (forcing f; > O to remain in Case 3 or 4), then all eigenvalues
have zero real part. Therefore, ifay = j = 0 and f; > 0 then all Case 3 and
4 solutions are stable (regardless of if they are spatially dpendent or spatially
independent). This result is consistent with the corresporing results in [23, 4].

However, any choice ofp and q for which

ap’+hf < 2@kp+blig) or ap’+hof<2akp+hlig; (26)

leads to an eigenvalue with positive real part. This establghes that all spatially-
dependent solutions in this case are linearly stable i&; and by are positive. The
maximum growth rate is given by

mp%x<( i s)=max  ark? + byl?; a0k + byl3 (27)

and is achieved ifp= k;andg= |l;orifp= kyandqg= |I,. Distributing
the exponential term in equation (18) demonstrates that themost unstable mode
corresponds to the overall (Q0)-mode (the mode with the slowest overall decay
rate) for both A and B. Simply put, the linear theory picks out the overall mode
with the overall slowest decay rate. Further, the plane-wawe solutions that are
most unstable are those with the \most" spatial dependence.

Momentarily focusing on the rst component of the solution, the maximum
growth rate is a;k?+ by 12 and the decay rate is (aikZ+byl2+f4). If ¢ and d; are
positive and f1 = 0, then the linear theory states that the (p;q) = ( ki; 11)-
mode will have constant magnitude. This may seem to contradit the fact that
all Case 3 and 4 solutions of the VDNLS equation decrease in ngaitude, but
it does not becausec; > 0 will cause decay though at a slower rate. This fact
is not apparent from the linear theory becausec; is a coe cient of a nonlinear
term. An equivalent statement is true for the second componat of the solution.

The author thanks Wilhelmina Chik for her help with nding so me of the
solutions to the VDNLS equation.
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