
Plane-wave solutions of a dissipative generalization of
the vector nonlinear Schr•odinger equation

John D. Carter �

Mathematics Department, Seattle University, 901 12th Aven ue, Seattle, WA 98122

Abstract

The modulational instability of perturbed plane-wave solutions of the vector
nonlinear Schr•odinger equation is examined in the presence of multiple forms of
dissipation. We establish that all constant-magnitude solutions of the dissipa-
tive VNLS equation are less unstable than their counterparts in the conserva-
tive VNLS equation. We also present three families of decreasing-in-magnitude
plane-wave solutions to this dissipative VNLS equation. Weestablish that if
certain forms of dissipation are present, then all exponentially-decaying plane-
wave solutions with spatial dependence are linearly unstable while those without
spatial dependence are linearly stable.

1. Introduction

Benjamin & Feir [1] showed that a uniform train of plane wavesof moderate
amplitude in deep water without dissipation is unstable with respect to a small
perturbation of other waves traveling in the same direction with nearly the
same frequency. Since that classic paper, a signi�cant amount of research has
been dedicated to studying the stability of plane waves on deep water. In 1968,
Zakharov [28] derived the (scalar) nonlinear Schr•odinger(NLS) equation

i t �  xx +  yy � j  j2 = 0 ; (1)

where  =  (x; y; t ) is a complex-valued function, as an approximate model
of the evolution of plane waves of moderate amplitude in deepwater without
dissipation. Plane-wave solutions of the NLS equation are unstable [28, 9, 21].
Dysthe [12], Trulsen & Dysthe [25], and Trulsenet al. [26] derived higher-order
asymptotic generalizations of the NLS equation and found that the plane-wave
solutions of these equations are also unstable. Dhar & Das [10] showed that
plane-wave solutions of a coupled system of higher-order generalizations of the
NLS equation are also unstable. Onoratoet al. [20] and Shuklaet al. [24] showed
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that the plane-wave solutions of the vector nonlinear Schr•odinger (VNLS) equa-
tion are unstable.

Lake & Yuen [17] and Lakeet al. [18] conducted thorough examinations of
physical experiments of one-dimensional surface patternsin which instability
growth rates were measured and compared with rates predicted by theoretical
models. More recently, physical experiments of two-dimensional surface patterns
were conducted by Kimmoun et al. [16], Hammack et al. [13], and Henderson
et al. [14]. Surprisingly, many of the wave patterns in these two-dimensional
experiments appeared to be stable. A photograph of an apparently-stable two-
dimensional surface wave pattern is included in Figure 1.

All of the theories mentioned above predict that plane-wavesolutions are
unstable while some of the experiments suggest that plane waves are stable. This
apparent discrepancy can be explained by the fact that all ofthe aforementioned
models are conservative and none include e�ects due to dissipation.

There are many generalizations of the NLS equation that contain dissipative
terms including those in [19, 2, 22, 27]. Seguret al. [23] studied a dissipative
generalization of the NLS equation and showed that all plane-wave solutions
are stable if a certain form of dissipation is present. Further, they showed that
the dissipative theory agreed well with measurements from aseries of physical
experiments. Craiget al. [7] and Henderson & Segur [15] generalized the Seguret
al. [23] results to the vector dissipative NLS equation (i.e. a pair of nonlinearly
coupled dissipative NLS equations). The photograph included in Figure 1 is
from an experiment modeled by a dissipative generalizationof the vector NLS
equation [15].

In Section 1.1, we introduce a generalization of the vector NLS equation that
contains multiple forms of dissipation as a model of two-dimensional surface
wave patterns on deep water. This model is more general than the model
contained in [7, 15]. In Section 1.2, we present four families of plane-wave
solutions to this equation, three of which decrease in magnitude.

In Section 2, we present the linear stability analysis for three of these families
of solutions. We establish that all constant-magnitude solutions are \less un-
stable" than their counterparts in the conservative system. This means that all
plane-wave solutions that are stable in the conservative system are also stable in
the dissipative system. It also means that solutions that are unstable in the con-
servative system have smaller (or possibly zero) growth rates if certain forms of
dissipation are present. Finally, we establish that if certain forms of dissipation
are present, then all spatially-independent exponentially-decaying plane-wave
solutions are stable and all spatially-dependent exponentially-decaying plane-
wave solutions are unstable.

1.1. The vector dissipative NLS equation

In order to model the evolution of a uniform wave train of surface waves
with a two-dimensional, bi-periodic surface pattern, propagating on deep water,
Hammack et al. [13] derived the two-dimensional vector nonlinear Schr•odinger
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Figure 1: A photograph of an apparently stable two-dimensio nal wave pattern [15].

(VNLS) equation

i (A t + � 1Ax + � 1Ay ) + � 1Axx + � 1Ayy + � 1Axy + 
 1jAj2A + � 1 jB j2A = 0 ; (2a)

i (B t + � 2Bx + � 2By ) + � 2Bxx + � 2Byy + � 2Bxy + 
 2jAj2B + � 2jB j2B = 0 ; (2b)

where A = A(x; y; t ) and B = B (x; y; t ) are complex-valued functions and� j ,
� j , � j , � j , � j , 
 j and � j (j = 1 ; 2) are real constants. Throughout the remainder
of this paper, wheneverj is used it is assumed to range from 1 to 2.

In this paper we examine the following generalization of theVNLS equation
which we refer to as the two-dimensional vector dissipativenonlinear Schr•odinger
(VDNLS) equation

i (A t + � 1Ax + � 1Ay ) + ( � 1 � ia1)Axx + ( � 1 � ib1)Ayy + � 1Axy

+ ( 
 1 + ic1)jAj2A + ( � 1 + id1)jB j2A + if 1A = 0 ;
(3a)

i (B t + � 2Bx + � 2By ) + ( � 2 � ia2)Bxx + ( � 2 � ib2)Byy + � 2Bxy

+ ( 
 2 + ic2)jAj2B + ( � 2 + id2)jB j2B + if 2B = 0 :
(3b)

Here A = A(x; y; t ) and B = B (x; y; t ) are complex-valued functions; � j , � j ,
� j , � j , � j , 
 j and � j are real constants; andaj , bj , cj , dj , and f j are nonnegative
real constants that represent e�ects due to dissipation. Weconsider both the
VNLS and VDNLS equations with periodic boundary conditions in both spatial
dimensions. We also assume thatA and B have the same spatial periods.

The ad-hoc addition of the dissipative terms has been justi�ed in the scalar
(B = 0) case. We assume that similar arguments apply in the vector case.
Davey [8] gives a general argument for dissipative terms of the forms given in
equation (3) when the NLS equation is used as a model of weaklynonlinear
surface waves. Miles [19], Lakeet al. [18], and Dias et al. [11] generalize the
NLS equation to include dissipation in a physical system by adding terms of the
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form if 1A. Blennerhassett [2] derives an equation similar to the scalar version
of equation (3) from the Navier-Stokes' equations for a freesurface 
ow with
viscous free surface boundary conditions. Seguret al. [23] add a term similar to
if 1A in order to account for the e�ects of weak dissipation. Bridges & Dias [3]
and Carter & Contreras [4] examine the scalar version of equation (3) and show
that the modulational instability is enhanced if certain fo rms of dissipation are
present. Our current work is the vector generalization of these results.

1.2. Properties and solutions
The VNLS equation preserves (int) the L 2

per norm,

jj  jj2
L 2

per
=

Z L y

0

Z L x

0

�
jAj2 + jB j2

�
dxdy; (4)

where L x and L y are the periods ofA and B in the x- and y-dimensions re-
spectively. In general, the VDNLS equation does not preserve the L 2

per norm.
Speci�cally, the L 2

per norm is nonincreasing int and

d
dt

�
jj  jj2

L 2
per

�
= � 2

Z Lx

0

Z Ly

0

�
a1 jAx j2 + b1jAy j2 + c1 jAj4 + d1jAB j2 + f 1jAj2

+ a2jBx j2 + b2jBy j2 + c2 jB j4 + d2jAB j2 + f 2jB j2
�

dxdy:

(5)

It is important to notice that equation (5) demonstrates tha t solutions with
spatial dependence decay to zero faster than spatially-independent solutions
whenever certain forms of dissipation are present (i.e.aj ; bj > 0).

The VNLS equation admits plane-wave solutions of the form

A(x; y; t ) = A0eik 1 x + il 1 y+ it ( � � 1 k1 � � 1 l 1 � � 1 k1 l 1 � � 1 k 2
1 � � 1 l 2

1 + 
 1 A 2
0 + � 1 B 2

0 ) ; (6a)

B (x; y; t ) = B0eik 2 x + il 2 y+ it ( � � 2 k2 � � 2 l 2 � � 2 k2 l 2 � � 2 k 2
2 � � 2 l 2

2 + 
 2 B 2
0 + � 2 A 2

0 ) ; (6b)

where A0, B0, kj and l j are real constants.
We consider plane-wave solutions of the VDNLS equation of the form

A(x; y; t ) = A0eik 1 x + il 1 y+ ! r 1 ( t )+ i! i 1 ( t ) ; (7a)

B (x; y; t ) = B0eik 2 x + il 2 y+ ! r 2 ( t )+ i! i 2 ( t ) ; (7b)

whereA0, B0, kj and l j are real constants and! rj (t) and ! ij (t) are real-valued
functions. Solutions of the form given in equation (6) or in equation (7) are said
to be spatially independent if kj = l j = 0.

Substituting equation (7) into equation (3) and separating into real and
imaginary parts gives

! 0
r 1 + c1A2

0e2! r 1 + d1B 2
0e2! r 2 + G1 = 0 ; (8a)

! 0
i 1 � 
 1A2

0e2! r 1 � � 1B 2
0e2! r 2 + H1 = 0 ; (8b)
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! 0
r 2 + d2B 2

0e2! r 2 + c2A2
0e2! r 1 + G2 = 0 ; (8c)

! 0
i 2 � 
 2A2

0e2! r 1 � � 2B 2
0e2! r 2 + H2 = 0 ; (8d)

where prime represents derivative with respect tot. Here we have introduced
the following constants

0 � Gj = aj k2
j + bj l2

j + f j ; (9a)

H j = � j kj + � j l j + � j k2
j + � j l2

j + � j kj l j : (9b)

To our knowledge, an exact solution of the system given in equation (8) is not
known. However, it does admit the following four families of solutions that
are valid in restricted parameter regimes. In each of the following regimes, the
constants of integration were chosen so that the plane-wavesolutions of the
VDNLS equation limit to the plane-wave solutions of the VNLS equation asaj ,
bj , cj , dj and f j (the coe�cients representing dissipation) limit to zero.

� Case 1: cj = dj = 0 and Gj = 0
In this case, the solution of the system given in equation (8)is

! rj (t) = 0 ; (10a)

! ij (t) = � t
�
H j � 
 j A2

0 � � j B 2
0

�
: (10b)

The magnitude of any solution of this form is constant in t. The family
of plane-wave solutions to VNLS given in equation (6) is a subset of the
solutions in this case.

� Case 2: c2 = c1 > 0, d2 = d1 > 0 and Gj = 0
In this case, the solution of the system given in equation (8)is

! rj (t) = �
1
2

ln
�

1 + 2t(c1A2
0 + d1B 2

0 )
�

; (11a)

! ij (t) = � tH j �

 j A2

0 + � j B 2
0

c1A2
0 + d1B 2

0
! rj (t): (11b)

The magnitude of any solution of this form decays to zero ast � 1=2.

� Case 3: cj = dj = 0 and Gj > 0
In this case, the solution of the system given in equation (8)is

! rj (t) = � tG j ; (12a)

! ij (t) = � tH j +

 j A2

0

2G1

�
1 � e� 2G1 t � +

� j B 2
0

2G2

�
1 � e� 2G2 t � : (12b)

The magnitude of any solution of this form decays to zero exponentially.

5



� Case 4: c2 = c1 > 0, d2 = d1 > 0, Gj > 0 and B0 = A0

In this case, the solution of the system given in equation (8)is

! rj (t) = � tG j �
1
2

ln
�

1 +
c1A2

0

G1
(1 � e� 2tG 1 ) +

d1A2
0

G2
(1 � e� 2tG 2 )

�
; (13a)

! ij (t) = � tH j +
Z

A2
0G1G2(
 1e� 2tG 1 + � 1e� 2tG 2 )

G1G2 + A2
0

�
d1G1(1 � e� 2tG 2 ) + c1G2(1 � e� 2tG 1 )

� dt:

(13b)
The lack of a closed-form expression for! ij (t) is not too troubling because
the integral is bounded for all t � 0 and only contributes to the phase of
the solution. The magnitude of any solution of this form decays to zero
exponentially.

2. Stability analysis

In this section we examine the linear stability of the Case 1,3 and 4 solutions.

2.1. Case 1: cj = dj = 0 and Gj = 0

In order to study the linear stability of VDNLS solutions of t he form given in
equation (7) with ! r (t) and ! i (t) given in equation (10), we consider perturbed
solutions of the form

Ap =
�
A0 + �u 1(x; y; t ) + i�v 1(x; y; t ) + O(� 2)

�
e� it (H 1 � 
 1 A 2

0 � � 1 B 2
0 ) ; (14a)

Bp =
�
B0 + �u 2(x; y; t ) + i�v 2(x; y; t ) + O(� 2)

�
e� it (H 2 � 
 2 A 2

0 � � 2 B 2
0 ) ; (14b)

where � is a small real parameter anduj (x; y; t ) and vj (x; y; t ) are real-valued
functions.

Substituting equation (14) into equation (3), linearizing and separating into
real and imaginary parts leads to a set of four coupled, constant-coe�cient,
linear, homogeneous partial di�erential equations (PDEs). Without loss of gen-
erality, assume

uj (x; y; t ) = �Uj eipx + iqy +
 t + c:c:; (15a)

vj (x; y; t ) = �Vj eipx + iqy +
 t + c:c:; (15b)

where �Uj , �Vj and 
 are complex constants, p and q are real constants, andc:c:
denotes complex conjugate. If 
 has a positive real part, then the perturbations
uj and vj grow exponentially in t and the unperturbed solution is said to be
linearly unstable. Otherwise, the unperturbed solution is said to be linearly
stable. After substituting equation (15) into the PDEs, the system simpli�es to
the following linear system of algebraic equations

0

B
B
@

M 1 + 2 
 1A2
0 � 
 � N1 2� 1A0B0 0


 + N1 M 1 0 0
2
 2A0B0 0 M 2 + 2 � 2B 2

0 � 
 � N2

0 0 
 + N2 M 2

1

C
C
A

0

B
B
@

�U1
�V1
�U2
�V2

1

C
C
A =

0

B
B
@

0
0
0
0

1

C
C
A ; (16)
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where
M j = � � j p2 � � j q2 � � j pq; (17a)

N j = aj p2 + bj q2 + i (2� j kj p + 2 � j l j q + � j q + � j l j p + � j k1q + � 1p): (17b)

In order for this system to have a nonzero (i.e. in order for the perturbation
to have nonzero amplitude), 
 must be chosen so that the determinant of the
coe�cient matrix is zero. This requirement leads to four lon g, complicated
expressions for 
. These expressions establish:

� If all dissipative constants are equal to zero, then the Case1 solutions are
either stable or unstable depending on relationships between the coe�-
cients in the VDNLS equation. This is simply a restatement of some of
the results in [7].

� If aj = bj = 0 and f j > 0, then all Case 1 solutions are stable. This is
consistent with the results in [7, 4].

� If at least one of the aj or bj is nonzero, then the solutions are either
stable or unstable depending on relationships between the coe�cients in
the VDNLS equation, p, q, and the aj , bj . In all cases, the growth rate of
the instability is less than or equal to the growth rate obtained from the
conservative theory.

2.2. Cases 3 and 4:c1 = c2 � 0, d1 = d2 � 0, Gj > 0 and B0 = A0

In this section, we consider the stability of the Case 3 and 4 solutions si-
multaneously. In order to study the stability of these solutions, we consider
perturbed solutions of the form

Ap =
�
A0 + �u 1(x; y; t ) + i�v 1(x; y; t ) + O(� 2)

�
eik 1 x + il 1 y+ ! r 1 ( t )+ i! i 1 ( t ) ; (18a)

Bp =
�
B0 + �u 2(x; y; t ) + i�v 2(x; y; t ) + O(� 2)

�
eik 2 x + il 2 y+ ! r 2 ( t )+ i! i 2 ( t ) ; (18b)

where ! rj (t) and ! ij (t) de�ned in equation (12) or (13). Note that the decay
due to ! rj (t) has been factored out. In essence, this allows the evolution of
the perturbations uj and vj to be directly compared to the constants A0 and
B0. If any of the uj or vj grow without bound in t, we say that the solution
is linearly unstable (even though the magnitude of both components of the
perturbed solution, jAp j and jBp j, may decay to zero due to the e�ect of e! rj ( t ) ).
Otherwise, we say that the corresponding solution is linearly stable.

Substituting equation (18) into equation (3), linearizing and separating into
real and imaginary parts leads to a set of four coupled linear, homogeneous
PDEs that have constant coe�cients in x and y. Without loss of generality,
assume

uj (x; y; t ) = Uj (t)eipx + iqy + c:c:; (19a)

vj (x; y; t ) = Vj (t)eipx + iqy + c:c:; (19b)
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where Uj (t) and Vj (t) are complex-valued functions andp and q are real con-
stants. After substituting equation (19) into the PDEs, the system simpli�es
to 0

B
B
@

U1

V1

U2

V2

1

C
C
A

0

= A

0

B
B
@

U1

V1

U2

V2

1

C
C
A + B (t)

0

B
B
@

U1

V1

U2

V2

1

C
C
A ; (20)

where the constant matrix A and B (t) are de�ned by

A =

0

B
B
@

� N1 � P1 0 0
P1 � N1 0 0
0 0 � N2 � P2

0 0 P2 � N2

1

C
C
A ; (21a)

B (t) = f (t)

0

B
B
@

� c1e2tG 2 0 � d1e2tG 1 0

 1e2tG 2 0 � 1e2tG 1 0

� c1e2tG 2 0 � d1e2tG 1 0

 2e2tG 2 0 � 2e2tG 1 0

1

C
C
A ; (21b)

where
Pj = M j + 2 i (aj kj p + bj l j q); (22)

and

f (t) =
2A2

0G1G2e� 2t (G1 + G2 )

G1G2 + A2
0

�
c1G2(1 � e� 2tG 1 ) + d1G1(1 � e� 2tG 2 )

� : (23)

To our knowledge, an exact solution of the system given in equation (20) is not
known. However, the large-t solution of this system behaves as theB (t) = 0
case becauseB (t) is absolutely integrable on t 2 [0; 1 ) [5, 6]. Therefore, the
stability of the Case 3 and 4 solutions is determined by the eigenvalues ofA .
It is important to note that Uj and Vj may grow a �nite amount during the
transient time period.

The eigenvalues ofA are

� j � = � N j � iP j : (24)

Expressed in terms of the original parameters the eigenvalues are given by

� j + = � aj p(2kj + p) � bj q(2l j + q)

� i (� j p2 + � j q2 + � j p + � j q + � j pq+ � j kj q + � j l j p + 2 � j kj p + 2 � j l j q);
(25a)

� j � = aj p(2kj � p) + bj q(2l j � q)

� i (� � j p2 � � j q2 + � j p + � j q � � j pq+ � j kj q + � j l j p + 2 � j kj p + 2 � j l j q):
(25b)

If the underlying VDNLS solution is spatially independent ( kj = l j = 0), then
all eigenvalues have nonpositive real parts. This establishes that all spatially-
independent Case 3 and 4 solutions are linearly stable.
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If aj = bj = 0 (forcing f j > 0 to remain in Case 3 or 4), then all eigenvalues
have zero real part. Therefore, ifaj = bj = 0 and f j > 0 then all Case 3 and
4 solutions are stable (regardless of if they are spatially dependent or spatially
independent). This result is consistent with the corresponding results in [23, 4].

However, any choice ofp and q for which

aj p2 + bj q2 < � 2(aj kj p + bj l j q) or aj p2 + bj q2 < 2(aj kj p + bj l j q); (26)

leads to an eigenvalue with positive real part. This establishes that all spatially-
dependent solutions in this case are linearly stable ifaj and bj are positive. The
maximum growth rate is given by

max
p;q

< (� j � ; ) = max
�

a1k2
1 + b1l2

1; a2k2
2 + b2l2

2

�
(27)

and is achieved ifp = � k1 and q = � l1 or if p = � k2 and q = � l2. Distributing
the exponential term in equation (18) demonstrates that themost unstable mode
corresponds to the overall (0; 0)-mode (the mode with the slowest overall decay
rate) for both A and B . Simply put, the linear theory picks out the overall mode
with the overall slowest decay rate. Further, the plane-wave solutions that are
most unstable are those with the \most" spatial dependence.

Momentarily focusing on the �rst component of the solution, the maximum
growth rate is a1k2

1+ b1l2
1 and the decay rate is� (a1k2

1+ b1l2
1+ f 1). If cj and dj are

positive and f 1 = 0, then the linear theory states that the ( p; q) = ( � k1; � l1)-
mode will have constant magnitude. This may seem to contradict the fact that
all Case 3 and 4 solutions of the VDNLS equation decrease in magnitude, but
it does not becausec1 > 0 will cause decay though at a slower rate. This fact
is not apparent from the linear theory becausec1 is a coe�cient of a nonlinear
term. An equivalent statement is true for the second component of the solution.

The author thanks Wilhelmina Chik for her help with �nding so me of the
solutions to the VDNLS equation.
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