
How can mathematics help us understand tsunamis, 
rogue waves and other wave phenomena?

A 20-meter rogue wave off of the coast of South Carolina shortly after crashing into the ship.
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J. Scott Russell (1838)

      "a large solitary elevation, a rounded, smooth and well defined heap of water, which continued its course 
along the channel apparently without change of form or diminution of speed....  It's height gradually 
diminished, and after a chase of one or two miles I lost it in the windings of the channel.  Such, in the month of 
August 1834, was my first chance interview with that singular and beautiful phenomenon."
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J. Scott Russell

From J.S. Russell (1838), Report of the committee on waves.  Report of the 7th Meeting of the British Association for the Advance-
ment of Science, Liverpool, pp. 417-496.



J. Scott Russell (1995)

A "soliton" on the Scott Russell Aqueduct on Union Canal near Heriot-Watt University (Edinburgh, Scotland), July 12, 1995.
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Assumptions

æ  Water is homogeneous
æ  Water is incompressible
æ  Water is irrotational
æ  Water is inviscid
æ  Gravity is constant
æ  No surface tension
æ  Water is bounded below by an impermeable bottom
æ  Water is bounded above by a free surface



The Ocean

æ Let Ζ (x,t) represent the surface displacement of the water 
æ Let Φ(x,z,t) represent the velocity potential of the water    

z=-h

z=0

ΖHx,tL
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Governing Equations

Ñ2 Φ = 0 for - h < z < ΖHx, tL
Φz = 0 on z = -h

Φz = Ζt + Ζx Φx on z = ΖHx, tL
Φt + 1

2 É Ñ Φ È2 +gΖ = 0 on z = ΖHx, tL



Euler (1707-1783)

Leonhard Euler

æ  Completed his master's degree at the age of 16
æ  Due to his father's wishes, he studied theology
æ  Has over 900 publications
æ  In 1727 he applied for a position as physics professor at Basel university, but was turned down



Navier & Stokes

               Claude-Louis Navier    George Gabriel Stokes     
(1785-1836)  (1819-1903)

æ  Navier's name is one of 72 on the Eiffel Tower
æ  Navier replaced Cauchy as professor at the Ecole Polytechnique 
æ  Stokes was appointed Lucasian Professor of Mathematics at Cambridge in 1849
æ  Stokes was president of the Royal Society 1885-1890



Simplified Models
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A Simplified Model

Assuming

æ  Small amplitude:   a<<h
æ  Long waves:        h<<Λ

æ  Waves move primarily in one direction

Leads to the Korteweg-de Vries (KdV) equation (1895)

ut + 6 uux + uxxx = 0

æ Under these assumptions wave travel with speed gh



KdV

KdV admits the following solution

u Hx, tL = 2 sech2Hx - 4 tL
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Another Simplified Model

Assuming

æ  Small amplitude:   a<<h
æ  Deep water:       h=¥

æ  Modulations varying slowly
æ  Waves are nearly one-dimensional
æ  Model the envelope of a group of waves

Leads to the cubic nonlinear Schrödinger (NLS) equation (1967)

iΨt - 1
8  Ψxx - 2 Ψ 2 Ψ* = 0



NLS

NLS admits the following solution

Ψ Hx, tL = sechJ2 2  xN E it
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NLS

(Qualitatively) transformed to physical coordinates
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Related Wave Phenomena

æ  Electromagnetic waves
æ  Sound waves
æ  Chemical waves
æ  Detonation waves
æ  Internal waves
æ  Mexican waves



Mexican Waves

Rams versus Packers at Lambeau Field in 2006.  Final score: Packers 20, Rams 23.
Token Wikipedia reference: http://en.wikipedia.org/wiki/Audience_wave

For a qualitative analysis see: http://angel.elte.hu/wave/



Related Wave Phenomena

æ  Electromagnetic waves
æ  Sound waves
æ  Chemical waves
æ  Detonation waves
æ  Internal waves
æ  Mexican waves
æ  Pulse propagation in optical fibers



Pulse Propagation

My office (ENGR 400 C)

ì  The ethernet is rated at 100 Mb/s
ì  According to www.speedtest.net, the download rate is 8 Mb/s
ì  It takes ~20 minutes to download a single 22-minute episode of The Simpsons

Laboratory Experiments

ì  Recent single-channel experiments have achieved transfer rates of over 40,000Mb/s
ì  Experiments can contain up to 100 channels in a single fiber
ì  Recent multi-channel experiments have achieved transfer rates of over 1,000,000Mb/s (>1Tb/s)
ì  With this technology, it would take <10 seconds to download all 400+ episodes of The Simpsons



Rogue Waves

æ Generally considered to be waves of exceptional height or steepness
æ Often travel in different directions than the predominant waves
æ Rogue waves have been a part of marine folklore for centuries



Rogue Waves

Photo taken by Philippe Lijour from the tower of the supertanker Esso Languedoc, off of South Africa, in 1980

æ  Lijour estimated that the "mean sea" (i.e. average wave height) was 15-30 feet
æ  The top of the short mast seen on the right-hand side of the picture is 82 feet above mean sea level



Rogue Waves

Photo first published in Fall 1993 issue of Mariner's Weather Log

æ  Photo taken in the Bay of Biscay (bay between Spain and France)
æ  Huge waves are common in the area



Rogue Waves

An ~20 meter rogue wave off of the coast of South Carolina shortly after crashing into the ship.  Winds were light.



Rogue Wave Damage

Photo from the European Space Agency.

æ  Norwegian tanker Wilstar damaged by a rogue wave in 1974
æ  Damaged occurred in the Agulhas current off the east coast of South Africa



Two Classic Rogue Wave Measurements

æ  Draupner oil platform observation
æ  European remote sensing SAR observation



Draupner Oil Platform

Located in the North Sea off of the coast of Norway.  Photo by Garve Scott-Lodge, 2004.



Draupner Oil Platform

æ  On January 1st, 1995 this was the first rogue wave to be measured and recorded
æ  Data verified by two independent measuring devices

 æ  Waves were very constant at approximately 5m
æ  One sudden large wave of 19m
æ  Sea state returned to regular 5m waves afterwards



ERS-2 SAR Observation

Figure created by the German Aerospace Center.  Data from European Remote Sensing SAR

  æ  Image size is 10km by 5km
  æ  The wave shown here has a height of nearly 30 meters
  æ  Ten such waves were found in 30,000 images taken over three weeks



Possible Explanations of Rogue Waves

à  Sea bed
- Bay of Biscay rogue waves occur where the depth is 184 meters



Possible Explanations of Rogue Waves

à  Sea bed
à  Constructive interference

Aerial photo of an area near Kiberg on the coast of Norway, taken 12 June 1976 by Fjellanger Widerøe.



Possible Explanations of Rogue Waves

à  Sea bed
à  Constructive interference
à  Normal part of the wave spectra

- Satellite imaging confirms that waves of up to 30 meters in height are much more common 
   than predicted by probability theory



Possible Explanations of Rogue Waves

à  Sea bed
à  Constructive interference
à  Normal part of the wave spectra
à  Nonlinear interactions

- Models based on NLS and its generalizations do not lead to rogue waves of observed sizes



Possible Explanations of Rogue Waves

æ As of October 25, 2007 there is no mathematical formulation that predicts 
    exactly when and where rogue waves will appear.



Tsunamis

æ  Are generated from a variety of sources
- Earthquakes
- Underwater volcano eruptions
- Asteroid collisions

æ  Tsunamis are generated relatively often 
æ  Serious tsunamis occur on the order of once every decade



Possible Explanations of Tsunamis

æ As of October 26, 2007 there is no mathematical formulation that predicts 
  exactly when and where tsunamis will form.

æ However, there are many mathematical formulations that predict the 
   evolution of a tsunami once it is formed.



Tsunamis

æ  December 26, 2004: The great Sumatra-Andaman earthquake
æ  May 22, 1960: The great Chilean earthquake



Great Sumatra-Andaman Earthquake

æ  More than 200,000 people killed
æ  Magnitude 9.3
æ  North-south distance was ~1000 km
æ  Lateral extent of ~100 km on each side of fault line
æ  Vertical displacement of ~1-10 meters



Great Sumatra-Andaman Earthquake



Great Sumatra-Andaman Earthquake

Steven N. Ward
Research Geophysicist

Institute of Geophysics and Planetary Physics
University of California
Santa Cruz, CA 95064



Qualitative Model

æ  In the open ocean, long waves travel with a constant speed of gh
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Wave Speed

æ  The Bay of Bengal (waves propagating westward) is about 4 km deep

æ  gh » 720 km � hr

æ  Actual speed was 600-800 km/hr

æ  The Andaman Sea (waves propagating eastward) is about 1 km deep

æ  gh » 360 km � hr

æ  Actual wave speed was ~300? km/hr



Qualitative Model
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Near shore effects

æ  Recall that long waves travel with a speed of gh

æ  The depth of the water decreases near the coast
æ  Waves remain long as they approach the coast
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Great Chilean Earthquake

æ  Magnitude 9.5 earthquake
æ  Occurred off the coast of south central Chile

Figure created by Richard Aster (New Mexico Tech) using the resources of the IRIS Consortium and the USGS. Additional
data provided by Lynn Sykes (Columbia University).



Great Chilean Earthquake

Photo from USGS "Surviving a Tsunami" Circular

æ  A wave of the 1960 Chilean tsunami pours into Onagawa, Japan
æ  The tsunami reached Japan almost 22 hours after the earthquake



Great Chilean Earthquake

Data collected by a tide gauge in the Onagawa harbor.



Great Chilean Earthquake

æ  Tsunami reached Hilo, Hawaii almost 15 hours after the earthquake



Great Chilean Earthquake

Data collected and figure created by Jerry Eaton and students.



A $1 Million Problem



Clay Mathematics Institute

The Clay Mathematics Institute
www.claymath.org

One Bow Street
Cambridge, Massachusetts 02138

USA

"Dedicated to increasing and disseminating mathematical knowledge."



The Millennium Problems

In order to celebrate mathematics in the new millennium, the Clay Institute named seven Prize 
Problems.  These are important problems in mathematics that have resisted solution for years.  Their solution 
would contribute greatly to man's understanding and to the field of mathematics.  A person who finds a 
solution to any of these problems verified by experts in the field will earn a $1 million prize.

Waves follow our boat as we meander across the lake, and turbulent air currents follow our flight in a 
modern jet. Mathematicians and physicists believe that an explanation for and the prediction of both the breeze 
and the turbulence can be found through an understanding of solutions to the Navier-Stokes equations. 
Although these equations were written down in the 19th Century, our understanding of them remains minimal. 
The challenge is to make substantial progress toward a mathematical theory which will unlock the secrets 
hidden in the Navier-Stokes equations. 



Millennium Problem
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