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Definition

Let pi denote the vertices of a regular 3-simplex,and for
i = 1, 2, 3, let

Fix =
1

2
(x − pi ) + pi

The Sierpinski gasket K is the unique nonempty compact
subset of R2 such that K = ∪3

i=1Fi (K ).
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The space of continuous complex-valued functions on a
compact Hausdorff space is a C*-algebra.
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Definition (Connes)

Let A be a unital C ∗-algebra.

An unbounded Fredholm
module (H,D) over A consists of a Hilbert space H
together with a unital representation π of A and an
unbounded, self-adjoint operator D on H such that

I the set

{a ∈ A for which [D, π(a)] is densely defined

and extends to a bounded operator on H}

is dense in A
I the operator (I + D2)−1 is compact.

If the underlying representation π is faithful, then (A,H,D)
is called a spectral triple, and D a Dirac operator.
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There exists a spectral triple for the Sierpinski gasket that
recovers the Hausdorff dimension,

the geodesic metric, and
the log2 3-dimensional Hausdorff measure.
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Theorem (Antonescu, Christensen, Lapidus 2008)

Let X be a compact Hausdorff space,

⊕Xj a decomposition
of X into parametrized curves, and (C (Xj),Hj ,Dj) a
spectral triple for parametrized curves on Xj . Then under
suitable conditions, (C (X ),⊕jH,⊕jDj) with representation
⊕jπj is a spectral triple for X that recovers the

I Hausdorff dimension

I geodesic metric

I Hausdorff measure
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Theorem (Lapidus, Sarhad 2014)

If X is a compact length space,

and there exists a countable
set of rectifiable curves {rj} whose union is dense in X , then
under suitable conditions, (C (X ),⊕jHj ,⊕jDj) with
representation ⊕jπj is a spectral triple for X that recovers
the geodesic distance.

The Sierpinski gasket and the harmonic Sierpinski gasket
both satisfy these conditions.
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Definition (Rieffel)

Let A be a unital C*-algebra.

The state space of A, S(A),
is the set of positive linear functionals on A of norm 1. Let
L be a seminorm defined on a dense subalgebra, dom(L), of
the set of self adjoint operators on A, sa(A). For all ϕ,
ψ ∈ S(A), the Monge-Kantorovich metric is defined by

mkL(ϕ,ψ) = sup{|ϕ(a)− ψ(a)| : a ∈ dom(L), L(a) ≤ 1}.

A quantum compact metric space (A, L) is a pairing of a
unital C*-algebra with a Lip-norm L such that

{a ∈ sa(A) : L(a) = 0} = R1A

and mkL metrizes the weak* topology of S(A).
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A quantum compact metric space (A, L) is a pairing of a
unital C*-algebra with a Lip-norm L such that

{a ∈ sa(A) : L(a) = 0} = R1A

and mkL metrizes the weak* topology of S(A).
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When paired with an appropriate Lip-norm L, the space of
continuous complex-valued functions supported on the
Cantor set, C (C), is a quantum compact metric space.

Standard ultrametrics on the Cantor set can be recovered
from a noncommutative, or quantum, metric.
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Definition

C (C) is an AF Algebra.

An Approximately Finite, or AF, Algebra is an inductive limit
of finite dimensional C*-algebras.
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Definition

A conditional expectation E(·|B) : A → B onto B, where A
is a C*-algebra and B is a C*-subalgebra of A, is a linear
positive map of norm 1 such that for all b, c ∈ B and a ∈ A
we have

E(bac |B) = bE(a|B)c .
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Theorem (Aguilar, Latrémolière 2016)

Let A be a unital C ∗-algebra which is the closure of⋃
n∈NAn, where for all n, An is a finite-dimensional unital

C ∗-subalgebra of A.

Assume without loss of generality that
A0 = C. Suppose that A has a faithful tracial state λ. Then
for all n, there exists a unique conditional expectation
En : A → An such that λ ◦ En = λ. Let (βn)n∈N be a
sequence of positive numbers with limit 0. If, for all
a ∈ sa(A),

L(a) := sup
{ ||a− En(a)||A

βn
: n ∈ N

}
,

then (A, L) is a quantum compact metric space.
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Let Z2 = {0, 1} with the discrete topology.

The Cantor set
will be viewed as

C = {(zn)n∈N : zn ∈ Z2} = ZN
2

with the product topology.
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For all n ∈ N, let ηn : C → C be the evaluation map
(zm)m∈N 7→ zn.

Observe that

I ηn is a projection

I un := 2ηn − 1C(C) is a self-adjoint unitary in C (C)
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Let A0 = C1C(C), the algebra of constant functions
supported on the Cantor set.

For all n ∈ N \ {0}, let An = C∗({C1C(C), u0, . . . , un−1}).
Note that

I An is a finite dimensional C*-subalgebra of C (C)

I An ⊆ An+1 for all n ∈ N
I via αn : An ↪→ An+1, C (C) = lim−→(An, αn)

I C (C) is the closure of ∪n∈NAn
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A faithful tracial state can be defined on C (C).
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For every finite, nonempty F ⊂ N, let #F denote the
cardinality of F

and

λ
(
Πj∈Fηj

)
:= 2−#F .

Observe that

I Πj∈Fηj is the indicator function of the subset

{(zn)n∈N ∈ C : zj = 1 ∀j ∈ F}

I C is the union of 2#F disjoint translates of F

I with respect to addition modulo 1, the set C = Πn∈NZ2

is a group, hence C compact implies there exists a
unique Haar probability measure which defines by
integration a faithful tracial state λ on C (C)
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Lemma (Aguilar, Latrémolière 2015)

If C (C) is endowed with the inner product

(f , g) ∈ C (C) 7→ λ(f g),

then un ∈ A⊥n for all n ∈ N. Moreover,
(
Πj∈Fuj

)
F∈F , where

F is the set of nonempty finite subsets of N, is an
orthonormal family of L2(C (C), λ).
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Theorem (Aguilar, Latrémolière 2015)

Let β : N→ N \ {0} be a decreasing sequence with
limn→∞ β(n) = 0.

Identifying the Cantor space C with the
Gel’fand spectrum of C (C), yields for all x , y ∈ C,

mk
Lβ

(An,αn)n∈N,λ
(x , y) =

{
0 if x = y ,

2β(min{n ∈ N : xn 6= yn}) otherwise.

By construction, mk
LβT ,λ

is an ultrametric on C.
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Definition

Two quantum compact metric spaces (A, LA) and (B, LB)
are fully quantum isometric

if there exists a ∗-isomorphism
π : A → B whose dual map φ 7→ φ ◦ π is an isometry from
(S(B),mkLB) into (S(A),mkLA).

There exists a generalization of the Gromov-Hausdorff
distance to the quantum compact metric space, due to
Latrémolière and built on the work of Rieffel, which is a
complete metric up to full quantum isometry that induces
the same topology as the Gromov-Hausdorff distance in the
classical setting.
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Theorem (Latrémolière 2016)

If (A, LA) and (B, LB) are quantum compact metric spaces
with Gromov-Hausdorff propinquity Λ((A, LA), (B, LB)) = 0,

then (A, LA) and (B, LB)) are quantum isometric!
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Theorem (Aguilar, Latrémolière 2016)

Let A be a unital C ∗-algebra which is the closure of
⋃
An,

where each An is a finite-dimensional C ∗-subalgebra of A.

Assume A has a faithful trace, and let (βn)n be a sequence
of positive numbers converging to 0. Define L as before. Let
Fn be the canonical inclusion of An into A. Then
limn→∞ Λ((A, L), (An, L ◦ Fn)) is zero.
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Directions for Future Work

A unital commutative C*-algebra is an AF algebra if and
only if it is ∗-isomorphic to the C ∗-algebra of continuous
functions on a totally disconnected compact metric space.

Can the Gromov-Hausdorff propinquity be used to write
C (K ) as a limit of C ∗-algebras? what kinds of C ∗ −
algebras? If C (K ) is not an AF algebra, what kind of
C ∗-algebra is it?
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only if it is ∗-isomorphic to the C ∗-algebra of continuous
functions on a totally disconnected compact metric space.
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A unital commutative C*-algebra is an AF algebra if and
only if it is ∗-isomorphic to the C ∗-algebra of continuous
functions on a totally disconnected compact metric space.

Can the Gromov-Hausdorff propinquity be used to write
C (K ) as a limit of C ∗-algebras? what kinds of C ∗ −
algebras?

If C (K ) is not an AF algebra, what kind of
C ∗-algebra is it?
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Directions for Future Work

Let ⊕Xj be a decomposition of the Sierpinski Gasket into
parametrized curves, (C (Xj),Hj ,Dj) a spectral triple for
parametrized curves on Xj , and (C (X ),⊕jH,⊕jDj) with
representation ⊕jπj the spectral triple for the Sierpinski
Gasket constructed by Antonescu, Christiansen, and Lapidus.

Under what conditions can ⊕jDj be used to construct a
Lip-norm which equips C (K ) with a quantum compact
metric space structure?
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Directions for Future Work

In the setting of the Sierpinski gasket, what aspects of
geometry can be recovered via the Gromov-Hausdorff
propinquity?

How does the information obtained from spectral triples for
the Sierpinski gasket compare with that gained by viewing it
as a quantum compact metric space? Can new bridges
between these two noncommutative notions be built in the
context of the Sierpinski gasket?
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Directions for Future Work

What other fractals can be finitely approximated by
noncommutative means?
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Let S1(D|ω) = {ϕ ∈ D : ϕ(1− ωω∗) = ϕ(1− ω∗ω) = 0}.

The height ς(γ|LA, LB) of γ is given by

max{HausmkLA
(S(A), π∗A(S1(D|ω))),

HausmkLB
(S(B), π∗B(S1(D|ω)))}.

The bridge seminorm of γ is defined on A⊕ B by

bnγ(a, b) = ||πA(a)ω − ωπB(b)||D.

The reach %(γ|LA, LB) of γ is

Hausbnγ(·)({a ∈ sa(A) : LA(a) ≤ 1}, {b ∈ sa(B) : LB(b) ≤ 1}).

The length λ(γ|LA, LB) of γ is determined by

max{ς(γ|LA, LB), %(γ|LA, LB)}.



WCOAS 2018
Presentation:

Spectral Triples,
Quantum Compact
Metric Spaces, and

the Sierpinski
Gasket

T. Landry

Sierpinski Gasket

Spectral Triples on
the Sierpinski
Gasket

Quantum Compact
Metric Spaces

AF Algebras

Ultrametrics on
the Cantor Space

Gromov-Hausdorff
Propinquity

Let S1(D|ω) = {ϕ ∈ D : ϕ(1− ωω∗) = ϕ(1− ω∗ω) = 0}.

The height ς(γ|LA, LB) of γ is given by

max{HausmkLA
(S(A), π∗A(S1(D|ω))),

HausmkLB
(S(B), π∗B(S1(D|ω)))}.

The bridge seminorm of γ is defined on A⊕ B by

bnγ(a, b) = ||πA(a)ω − ωπB(b)||D.

The reach %(γ|LA, LB) of γ is

Hausbnγ(·)({a ∈ sa(A) : LA(a) ≤ 1}, {b ∈ sa(B) : LB(b) ≤ 1}).

The length λ(γ|LA, LB) of γ is determined by

max{ς(γ|LA, LB), %(γ|LA, LB)}.
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Theorem (Latrémolière 2013)

With respect to the irrational parameter θ and the quantum
propinquity topology,

{Aθ} is a continuous family.
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Theorem (Pimsner, Voiculescu 1980)

Let Aθ be the C ∗-algebra generated by two unitary elements
U and V for which UV = e2πiθVU.

Then for irrational θ, Aθ
can be embedded into the Effros-Shen Algebras.
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Definition

Fix θ ∈ (0, 1) \Q.

Let [rj ]j∈N be its unique continued
fraction expansion, and

M(qθ1) =

[
pθ1 qθ1
pθ0 qθ0

] [
r0r1 + 1 r1

r0 1

]
,

M(qθn) =

[
pθn−1 qθn−1

pθn qθn

]
.

Set AFθ,0 = C and for all positive n ∈ N,

AFθ,n =M(qθn)⊕M(qθn−1).

Let αθ,n : AFθ,n → AFθ,n+1 denote each unital ∗-morphism.
The Effros-Shen algebra AFθ is given by

AFθ = lim−→(AFθ,n, αθ,n)n∈N.
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Theorem (Aguilar, Latrémolière 2016)

Every Effros-Shen Algebra has a unique faithful tracial state
σθ.

Let En : AFθ,n → AFθ be the unique conditional
expectation with En ◦ σθ = σθ, and β(n) = 1

dim(AFθ,n) . Then

the function

θ ∈ (0, 1) \Q 7→ (AFθ, Lβ(AFθ,n,αθ,n)n∈N,σθ
)

is continuous from θ ∈ (0, 1) \Q with its topology as a
subset of R, to a distinguished class of quantum compact
metric spaces metrized by the quantum propinquity Λ.
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Definition

Let p ∈ N, p > 1.

The group Z
[

1
p

]
of p-adic rationals is the

inductive limit of the sequence of groups:

Z z → pz−−−−→ Z z → pz−−−−→ Z z → pz−−−−→ · · ·

which is explicitly given as the group:

Z
[1

p

]
=
{ z

pk
∈ Q : z ∈ Z, k ∈ N

}
endowed with the discrete topology.

A noncommutative solenoid is a C ∗-algebra of the form

C ∗
([1

p

]
×
[1

p

]
, σ
)
,

where σ is a multiplier of the group Z
[

1
p

]
× Z

[
1
p

]
.
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Theorem (Packer, Latrémolière 2016)

Noncommutative solenoids are limits for the quantum
Gromov-Hausdorff propinquity of some {Aθj}!
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